In this paper the onset of instabilities in elastoplastic materials is theoretically studied and a conceptual basis for understanding the physical implications of a loss of uniqueness and/or existence of the incremental response is provided. For this purpose, the concept of test controllability is reinterpreted and mixed stress-strain loading programmes are accounted for. A set of scalar indices, the moduli of instability, related with the inception of an unstable response is introduced and their dependency on the loading programme is explicitly illustrated. The paper shows that the use of these newly defined scalar measures provides support for an alternative definition for mechanical stability, which is closely related with the mathematical notions of existence and uniqueness of the predicted incremental response. In the final section, some mathematical properties of the moduli of instability are discussed, suggesting a novel reinterpretation of other well established theories and providing additional tools for the future application of the proposed framework.
Introduction
The proper definition of the concept of failure still represents a fundamental and unsolved mechanical issue. According to a common engineering perspective, the identification of failure conditions for a solid material requires the assessment of a limit locus at which failure occurs. This apparently unambiguous concept, however, becomes less neat when complex natural and engineered materials are considered. A notable example is represented by soils, rocks and concrete (often referred to as geomaterials). In these cases, in fact, the material can suffer a broad range of unstable responses even within an apparently safe domain. Sophisticated modeling tools and efficient computational techniques are therefore required in order to capture the experimental evidence and to implement these models in numerical codes for solving boundary value problems.
During the last few decades, several theoretical approaches have been proposed to deal with material instability at a constitutive level (Darve and Chau, 1987; Nova, 1989 Nova, , 1994 Darve, 1994; Chambon, 2005; Borja, 2006) . Most of these theories tried to generalize the concept of failure, giving it a much broader meaning (Nova, 2003) . Different strategies were used to identify unstable conditions: Imposimato and Nova (1998) discussed for instance the vanishing of suitable mathematical operators governing the material response, studied the sign of the second-order work, while Sibille et al. (2007) combined several modeling techniques. In particular, Imposimato and Nova (1998) introduced the notion of test controllability, showing that, depending on the particular loading programme imposed to the soil specimen, critical conditions can arise even within the hardening regime. This concept provided an enlightening interpretation of the Hill's stability criterion (1958) , suggesting an alternative mechanical meaning for it.
Although these approaches are based on consistent premises, their use becomes less powerful when more general initial and loading conditions are accounted for. The concept of second-order work, in fact, does not provide any insight into the role of control parameters (e.g., in case of mixed stress-strain loading paths). Moreover, since the theory of test controllability has been developed and widely applied to treat instabilities in the hardening regime, it can present disadvantages when this particular case is abandoned (e.g., in rock-like materials, that are often characterized by a marked strain-softening response). This paper stems from the necessity of providing a consistent theoretical reference capable of assessing the stability of a given stress state in a more general and flexible manner. Therefore, an alternative approach for addressing geomaterial instability is here presented, with the main goal of explaining material instability under a different perspective. For the sake of simplicity, the following discussion is restricted to the case of rate-independent elastoplastic constitutive laws (also referred to as models with two ''tensorial zones'' (Nicot and Darve, 2005) ). Even though this choice does not include important issues (e.g., the effects of full incremental 0020-7683/$ -see front matter Ó 2011 Elsevier Ltd. All rights reserved. doi:10.1016/j.ijsolstr.2011.02.016 non-linearity on bifurcation processes), the study of the standard strain-hardening elastoplastic response allows to further clarify the link between test controllability and second-order work. The approach presented in this paper encloses the same principles characterizing other successful theories, and some of the results that will be presented are already known in the literature (Klisinski et al., 1992; Imposimato and Nova, 1998) . The concept of test controllability, however, is organized in a different way: (i) establishing a more explicit link with the notions of existence and uniqueness of the material response, (ii) introducing alternative mathematical indices of instability (defined as moduli of instability) and (iii) allowing for an easier application to brittle materials.
Material stability and its mathematical definition
The concept of material instability represents a crucial notion in mechanics and in engineering in general. In confirmation of this, there is a large variety of criteria enabling the assessment of stability conditions. Some of these criteria are briefly recalled in the following.
In the context of continuum mechanics, a well known and largely used stability criterion is that proposed by Hill (1958) . According to this criterion, a sufficient condition for stability is the positive definitiveness of the second-order work:
where _ r ij represents the stress rate tensor and _ e ij the corresponding strain rate tensor. This criterion can be shown to be a powerful tool to envisage the onset of diffuse instabilities and can be associated with the loss of existence and uniqueness of the incremental response (Darve et al., 2004; . From this point of view, a major contribution in the framework of elastoplasticity has been given by Maier and Hueckel (1979) . These authors addressed the evaluation of material stability and the admissibility of an incremental stress path in presence of both non-associated flow rule and strain-softening. Since the conventional definition of material stability was based on the Hill's stability criterion, the authors evaluated the minimum value of the quadratic form associated with the second-order work density, d
2 W MIN . The latter quantity was evaluated by expressing d 2 W MIN as a function of the incremental strain path and assuming a unitary plastic multiplier (Maier and Hueckel, 1979) . The purpose of these assumptions was to study the sign of d Fig. 1a for the case of an associated flow rule (i.e., assuming that the plastic potential g coincides with the yield function f). The quantity H c in Fig. 1a is the so-called critical hardening modulus, that is characterized by the following expression:
in which D e is the elastic constitutive stiffness matrix. Values of hardening modulus satisfying the condition H < H c define the socalled subcritical softening regime and are associated with the inception of snap-back processes (Maier, 1966) . Other significant quantities shown in Fig. 1b are H 1 and H 2 , which are defined as follows (Maier and Hueckel, 1979) : Fig. 1a it is readily apparent that an associated flow rule would predict material stability when H > 0, being the point at which instability is attained for the first time coincident with H = 0. Fig. 1b shows that nonassociativity modifies the range of hardening moduli at which stability holds. It can be proved, in fact, that the first point at which stability in the sense given by (1) is lost coincides with a value of H = H 1 > 0. Symmetrically, the last point at which d 2 W MIN vanishes is attained at H = H 2 < H c (Maier and Hueckel, 1979) . It is straightforward to show that for associated flow rules these two limit hardening moduli degenerate to H 1 = 0 and H 2 = H c , respectively. (Maier and Hueckel, 1979) . In particular, the positive values of d 2 W MIN obtained in the region of negative hardening modulus may lead to the misleading conclusion that stability holds also for H < H 2 . The second aspect that restricts the usefulness of the Hill's stability criterion concerns the role played by test control conditions. If such a stability criterion is accepted in its conventional form, in fact, the notion of material stability appears to be an intrinsic characteristic of the current stress state. In contrast with this, it is well known that both existence and uniqueness can be affected by the particular choice of the control parameters (Klisinski et al., 1992) . In other words, material stability cannot be considered an intrinsic characteristic of the material system, but it is rather a function of both its initial state and the type of external perturbation.
In the following sections of this paper it will presented an approach aimed at overcoming the above mentioned limitations. In order to recognize the control dependent nature of material stability, the so-called theory of test controllability will be adopted (Nova, 1994; Imposimato and Nova, 1998) . This framework investigates from a purely mathematical standpoint the possibility of applying a well defined incremental perturbation. Under this perspective, a loading programme is considered controllable if and only if the predicted incremental response exists and it is unique. As a result, the concept of test controllability provides an alternative definition for instability, which can be referred to as instability in the sense of test controllability.
3. An alternative mathematical interpretation for test controllability 3.1. Conceptual links between the loss of test controllability and the loss of definition of the plastic multiplier
The practical use of the theory of test controllability in its original version was based on the study of the determinant of the constitutive control matrix associated with a specific loading programme. This type of approach may be characterized by important drawbacks, however, when the control matrix suffers a discontinuous transition (e.g., at plastic yielding or after a change of control conditions). These transitions may be the major cause of the passage from stable to unstable conditions, and difficulties exist in using matrix determinants to assess material stability.
In this section an alternative mathematical form of the concept of test controllability will be provided, with the purpose of extending its range of application and showing the close relation with the notions of plastic admissibility, existence and uniqueness. Following Nova (1994) , let us consider a laboratory test on a solid specimen. If during the test stress increments are controlled, the increment of strains can be formally retrieved as follows
provided that the constitutive stiffness matrix D in (7) is not singular (i.e., detD -0).
Within an elastoplastic constitutive framework a singularity of the constitutive stiffness matrix coincides with the vanishing of the hardening modulus H. The singularity of D represents the attainment of failure in the classical sense, i.e., the attainment of the limit locus in the stress space. If H = 0, in fact, either no solution for an arbitrary stress increment or infinite solutions for a vanishing stress increment are possible. Classical failure is thus interpreted as a particular form of loss of existence and/or uniqueness of the incremental response.
An alternative description of the same mathematical circumstance is obtained considering the analytical form of the plastic multiplier under pure stress control. By imposing the plastic consistency condition, the following expression for the plastic multiplier follows:
Eq. (8) shows that, when the limit locus is reached under stress controlled conditions, the plastic multiplier is no longer defined. Such a loss of definition results from the vanishing of the hardening modulus H at failure and is in close relation with the possibility of having arbitrary solutions in terms of strain increments. This simple example shows the clear link among the evolution of the hardening modulus, the loss of definition of the plastic multiplier and the singularity of the constitutive matrix. Eq. (8), however, does not represent the appropriate expression for the plastic multiplier under any general loading programme. On the contrary, the mathematical expression of K can be demonstrated to be dependent on the particular control conditions imposed during a laboratory test. This is confirmed by the well known expression of the plastic multiplier under pure strain control conditions:
From a theoretsical viewpoint, also this type of loading programme can suffer a particular form of instability that is associated with critical softening (Maier, 1966 ) and takes place when:
As already pointed out, condition (10) is conceptually associated with snap-back processes. Even though the latter phenomena are rarely observed in experiments, their existence at material point level is still a matter of debate, and their phenomenological interpretation may heavily depend on the scale at which the mechanical response is observed. Thus, this study does not exclude a priori the occurrence of snap-back processes, considering the capability of encompassing also this form of failure a convenient feature for a complete mathematical framework.
The theory of test controllability can describe also this kind of unstable responses, being the onset of sub-critical softening related with the vanishing of the determinant of the compliance matrix (Imposimato and Nova, 1998) . Nevertheless, the loss of definition of the plastic multiplier offers an alternative theoretical support to identify the onset of instabilities. The attainment of critical softening, in fact, can be also identified when a particular scalar quantity vanishes. This alternative scalar measure is defined in this case as follows:
Similar to the case of pure stress control, also here a loss of definition of the plastic multiplier is attained at the onset of instability. As a result, the index given in Eq. (11) plays a similar role to that of the hardening modulus of Eq. (8).
Using such an analogy, a new family of scalar measures determining the loss of definition of the plastic multiplier can be introduced, being a sort of generalized hardening moduli governing the mechanical response under mixed stress-strain controls. These quantities vanish when the test controllability is lost, taking negative values when the incremental loading programme is no longer admissible (i.e., when at least one of the constraints given by Eq. (6) cannot be satisfied). Since the new indices of instability are not exactly related with plastic hardening phenomena, but are rather associated with the more general notion of mechanical instability, the term modulus of instability will be preferred.
The idea of relating the onset of a loss of uniqueness of the incremental response to the evolution of the hardening modulus has been exploited by several researchers in the past. Critical values of the plastic hardening modulus can indeed be associated with the loss of positiveness of the second-order work (Hueckel and Maier, 1977; Maier and Hueckel, 1979) , the onset of shear strain localization (Bigoni and Hueckel, 1991a,b) or even with the attainment of static liquefaction (di Prisco and Nova, 1994; di Prisco et al., 1995; Andrade, 2009) .
The new approach here presented recasts this concept in an alternative way by systematically applying it to general forms of material instability. A possible strategy to identify unstable phenomena can indeed be based on convenient mathematical indices that are function of the current value of the hardening modulus. Any instability index has to be associated with a loading programme (being then a control dependent index) with its sign providing an indication on the current stability conditions with respect to the given loading programme.
It will be pointed out that the new approach encloses the same principles characterizing some already existing theories dealing with soil instability (Klisinski et al., 1992; Imposimato and Nova, 1998) and guarantees continuity with well established frameworks. At the same time, it will be shown that the new framework based on the moduli of instability enables a thorough discussion on the notions of existence, uniqueness and controllability and allows to stress the somehow unappreciated link between these concepts.
Mixed stress-strain test control conditions: a framework for defining the moduli of instability
In the present section a direct link between the loss of controllability under general control conditions and the proposed theoretical framework based on the instability moduli is established. For this purpose, the concepts briefly outlined in the previous section are further extended to more general loading programmes.
As discussed by Imposimato and Nova (1998) , the laboratory tests that are aimed at investigating the mechanical response of solid materials are often characterized by mixed stress-strain control conditions. These mixed constraints represent a major reason for the initiation of particular forms of instability (e.g., shear banding, compaction banding, static liquefaction, etc.), and Imposimato and Nova (1998) provided a mathematical interpretation for this important issue. Their results showed that a general loss of controllability may be studied by observing the evolution of certain minors of the constitutive stiffness matrix. If a particular set of control parameters is governed, control matrices may become singular and potential instabilities can be activated even before classical failure. These instability modes are contingent to specific control conditions, and they would not be induced under different constraints. For this reason they represent a proper form of latent instability.
A similar interpretation of the role played by test control conditions can be obtained by exploiting the conceptual link between loss of controllability and loss of definition of the plastic multiplier also for mixed stress-strain controls. For this purpose, the plastic multiplier can be calculated following a particular strategy. Let us consider the following partition of the incremental constitutive law:
Let us further assume to perform an incremental loading path under mixed stress-strain control conditions, taking for instance _ r a and _ e b as control variables, being _ e a and _ r b the corresponding response variables. The consistency condition, expressed in terms of stress rates, takes the following form: 
By using Eq. (14), it is possible to express the stress and strain measures appearing in the previous matrix partition as follows: 
A simpler expression is obtained introducing the trial stress increment (i.e., the stress increment that would be obtained for the considered control conditions if the material were purely elastic). If the partition (12) 
in which H v represents a family of scalar quantities which, together with the hardening modulus, control the inelastic response. Given the scalar nature of such quantities and their control dependency, in the following they will be referred to as moduli of controllability. For a given set of control parameters, the value of H v in (20) is given by the following expression: 
From Eqs. (24) and (25) 
It appears evident that a loss of definition of the plastic multiplier is obtained when:
This mathematical quantity, given by the difference between the hardening modulus H and the controllability modulus H v , can be defined as the generalized instability modulus for that particular loading programme. The vanishing of H IN implies the attainment of an instability condition in the sense of test controllability.
Eq. (27) suggests several interesting comments regarding instability phenomena within the hardening regime. In particular, it must be noted that the modulus of instability H IN coincides with the hardening modulus H for the case of pure stress control. In this case the test is fully controllable when H IN = H is strictly positive, while failure takes place when H 6 0. Under such circumstances, the intuitive notions of hardening (H > 0) and softening (H < 0) are immediately linked with the possibility of actually controlling the material response, establishing a direct correspondence with the mathematical concept of controllability.
Under more general test control conditions (e.g., mixed stressstrain control), however, the modulus of instability H IN does not coincide with the hardening modulus, being characterized by the additional contribution H v . In this case, when an associated flow rule is adopted, Eqs. (21) and (26) are always characterized by a non-positive value of H v , and softening is required to have H IN < 0. On the contrary, a non-associated plastic flow rule can produce situations in which H v is positive. As a result, in this case H IN can vanish even in the hardening regime (with H = H v > 0), i.e., before classical failure.
Interpreting uniqueness and existence of the incremental response by using the instability moduli
In this section the moduli of instability are related with the notion of existence and uniqueness of the incremental response under mixed stress-strain incremental loading. These mathematical properties of elastoplastic model predictions can be assessed by distinguishing three different cases: (i) a positive value for the modulus of instability (H IN > 0); (ii) an instability modulus equal to zero (H IN = 0) and (iii) a negative value (H IN < 0). Any of these main scenarios comprises three sub-cases: (a) incremental loading; (b) neutral loading and (c) incremental unloading.
The set of possibilities deriving from the combination of the aforementioned circumstances can be easily explained by making reference to the analytical derivations expounded in the previous section. Starting from the definition of trial stress given by (19), the consistency condition can be easily rewritten in terms of control parameters:
where:
Vectors M 1 and M 2 provide a mathematical notation to define ''loading'', ''unloading'' and ''neutral loading'' under mixed stressstrain control conditions. Indeed, the use of M 1 and M 2 enables to represent loading, unloading and neutral loading into the space of the control variables, as illustrated in Fig. 2 . The different possible scenarios in terms of incremental response are synthetically shown in Table 1 . These considerations generalize to mixed stress-strain control the results obtained by Maier and Hueckel (1979) with reference only to pure stress and pure strain control, which are here included as particular cases. These notions allow to clarify some important features of the constitutive law, considering the latter as a mathematical transformation from the space of the control variables to that of the response variables. Passing from case (i) to case (iii), in fact, the mathematical properties of the correspondence law change, as is graphically illustrated in Fig. 3 .
The link between the values of the instability moduli and the notions of existence and uniqueness of the incremental response provides also an alternative interpretation for the concept of loss of controllability introduced by Nova and co-workers (1994, Fig. 2 . Graphical representation of incremental loading, neutral loading and incremental unloading (P represents the current stress state): (a) incremental response reported in the stress space (stress control conditions; n is the normal to the yield surface); (b) incremental response reported in the space of the control variables (mixed stress-strain control conditions). 1998). The loss of controllability as defined in these works (i.e., the possibility of infinite solutions for the same vanishing incremental perturbation), is indeed included as a particular case in Table 1 . In fact, when the instability modulus associated with a specific set of control variables vanishes, infinite solutions are possible (case iib). From a mathematical viewpoint such infinite solutions are necessarily associated with an arbitrary eigenvalue of the control matrix which links the control variables to the response variables. In other words, the vanishing of the instability modulus reflects the singularity of the control matrix and provides an equivalent criterion to identify the loss of controllability.
Most notably, the introduction of the instability moduli extends the notion of test controllability beyond its original range of application. Given, the relation between the sign of H IN and the properties of existence and/or uniqueness of the incremental response, the modulus of instability allows to assess the effect of a change of the control variables in a more general way. Latent instabilities or unsustainable stress states are indeed reflected by a negative or nil value of the instability modulus H IN associated with a given set of control parameters. In fact, if a change of the control conditions is imposed when:
it follows that the loading programme associated with (30) cannot be used to apply arbitrarily an incremental perturbation. This circumstance is the mathematical counterpart of a mechanical instability and, thus, the inequality (30) can be defined as a condition of non-controllability. This alternative formalism generalizes the mathematical requirement for a loss of controllability. Within this new framework, in fact, a loss of controllability takes place when the system is progressively loaded from a stable inelastic state, provided that (30) is satisfied as an equality.
Mathematical properties of the moduli of instability

Extremal properties of instability moduli and their link to the Hill's stability criterion
Starting from the definition of H IN , it is readily apparent that the extremal values of hardening modulus at which condition (27) is satisfied are a function of the maximum and minimum values assumed by the controllability modulus H v . The latter, as well as its extremal values, will depend on the loading programme. In order to evaluate the extremal values of H v , it is then convenient to exploit the equivalence between the use of the moduli of instability and the concept of test controllability which was illustrated in the previous sections. Imposimato and Nova (1998) showed that, when a loss of controllability takes place, the second-order work vanishes, together with the determinant of the control matrix for the problem at hand. As a consequence, the extremal values of H v must be associated with the conditions at which the quadratic form of the second-order work is positive semi-definite. Fig. 1b shows that the extreme cases at which such a condition is satisfied coincide with
being H 1 and H 2 given by Eqs. (2) and (3), respectively.
It is possible to demonstrate (Maier and Hueckel, 1979; Imposimato and Nova, 1998 ) that these two conditions coincide with the positive semi-definiteness of the quadratic forms associated with D S (the symmetric part of the constitutive stiffness matrix D) and C S (the symmetric part of the constitutive compliance matrix C), respectively.
Since for H > H 1 and H < H 2 the quadratic form associated with d 2 W is always positive definite, it follows that the values given by (31) represent the limit conditions at which a loss of controllability can occur. Such circumstances can take place under very specific loading programmes, i.e., when (30) is satisfied as an equality and the following relations hold:
Interesting conclusions can be derived from this result. It is, in fact, possible to prove that whenever H > H 1 , then H IN > 0 for any possible set of control variables ð34Þ 
Incremental loading path
Modulus of instability
Plastic multiplier This implies that a model would predict the existence of a unique solution for any incremental loading path. Conversely, whenever H < H 2 , it follows that H IN < 0 for any possible set of control variables ð35Þ from which it follows that there are no loading programmes for which existence and uniqueness of the incremental response are guaranteed. The Hill's stability criterion can be therefore reinterpreted in the light of these results (Fig. 3) . It is indeed possible to envisage three zones according to the value of hardening modulus for the problem at hand (Fig. 4b). i. A first zone 1 for H > H 1 , in which unconditional stability holds (i.e., existence and uniqueness are guaranteed for any incremental loading path and any control conditions). ii. A second zone 2 for H 2 < H < H 1 in which conditional stability holds (i.e., stability conditions depend on the control parameters governed during a given incremental loading path). In other words, between the limit values H 1 and H 2 , existence and uniqueness of the incremental response are a function of the loading programme. iii. A third zone 3 for H < H 2 , in which unconditional instability holds for any loading programme and control conditions. In other words, either the incremental response does not exist (incremental loading paths) or the solution is not unique (incremental unloading).
According to the value of the hardening modulus, the state of the material may pass from one regime of stability to another. The three regimes are conceptually distinguished by the role that control parameters play within each region. In other words, within the three zones it may be possible or not to identify loading programmes that are associated either with a stable or an unstable response. Under this perspective, the identification of three regimes with different properties of controllability further clarifies the importance of the loading programme in the assessment of material stability. Fig. 4 explicitly shows that the presence of non-associativity extends the range of hardening moduli at which conditional stability holds. It can be proved, in fact, that the first point at which stability in the sense of Hill is lost coincides with a value of H = H 1 > 0 (i.e., possible mechanical instabilities can occur even in the hardening regime). Symmetrically, the last point at which d 2 W MIN vanishes is attained at H = H 2 < H c . This implies that, before reaching this condition, existence and uniqueness of the incremental response can be still guaranteed also within the subcritical softening regime (even if only for very particular loading programmes). The mathematical properties of the moduli of instability provide an explanation also for the apparent paradox emerging from Fig. 4a . Fig. 4a shows that, when the material is characterized by a severe strain-softening (i.e., when H < H 2 ), d (Fig. 4a) , indicating in this way that they do not satisfy all the constraints given by Eq. (6).
Dual families of instability moduli and incremental constitutive relations
As it has already been observed, a constitutive law is a correspondence law between two sets of variables (the control variables and the response variables). The conventional definition of instability suggested in this work seeks for the conditions at which such a law is not anymore a one-to-one correspondence. In order to further clarify this concept, let us consider the following partition of the constitutive law:
Let us consider, without any loss in generality, a particular form of mixed stress-strain control conditions. It is possible, in fact, to rearrange the previous relation by defining the two following vectors:
Vectors _ / and _ w represent two dual work conjugate vectors which could be governed when imposing an incremental perturbation. According to the notion of test controllability, the predicted mechanical response will depend on the loading programme that has been chosen, and, thus, on the value assumed by the correspondent instability modulus. As a result, two dual values of H IN are associated with the vectors _ / and _ w, respectively defined as 
being the instability modulus (38) associated with the control of variables _ / and the modulus (39) with the control of variables _ w. Thus, the vanishing of either (38) or (39) coincides with the loss of controllability for one of the two dual loading programmes.
The above statements are also reflected by the mathematical structure of the incremental relations under mixed stress-strain control. Let us assume, for instance, that vector _ / collects the control variables, while the vector _ w collects the response variables. It follows that
where X is the controllability matrix. In order to retrieve the mathematical expression for X, let us rewrite the generalized elastic law:
where the terms D e ij can be obtained by rearranging the elastic matrix in Eq. (14). Using (41) it can be shown that the consistency takes the following form:
where
In Eq. (42) consistency is enforced by using the incremental variables collected in _ w. It is readily apparent that (42) is characterized by the presence of the dual controllability modulus H w v . Using such a formalism for the consistency law, and considering the usual plastic flow rule, it follows that
where the symbol stands for dyadic product. As a consequence, it follows that the controllability matrix linking _ / and _ w takes the following form:
The expression above is characterized by the presence of the dual instability modulus H w v . Eq. (49) represents a generalization to mixed stress-strain control conditions of the well known expression of the elastoplastic constitutive stiffness matrix D that links the stress increment to the strain increment:
Eq. (50) is characterized by the presence of H C (which coincides with the value of H w v under pure stress control), and becomes singular when H = 0 (being in that case H u v ¼ 0 and H IN = H for stress control conditions). Similarly, considering mixed stress-strain control, the singularity for the control matrix X corresponds with the vanishing of the associated instability modulus H / IN . Hence, it is then straightforward to infer that when
being H IN = 0 at that point.
Symmetry properties of dual instability moduli
The close link between the dual families of instability moduli is further corroborated by the study of their symmetry properties. For this purpose, let us consider a change in the basis of representation for the constitutive law. A convenient formalism involves the selection of a space of control variables based on the use of linear combinations of the standard stress and strain rate measures (the general mathematical details of this procedure are illustrated in Appendix).
A particular change of variables enabling a simple derivation of the symmetry properties of the instability moduli can be found. For this purpose, let us consider the following linear transformations:
in which T D is the matrix which allows for the change of basis of representation and e T D is its transpose. Such a change of reference system does not modify the mathematical properties of the constitutive law, but allows to change the space of the variables in which the incremental constitutive relations are expressed. In this way, any type of stress-strain control can be expressed by using this new basis of representation.
Let us further assume to choose a convenient form for matrix T D . If, in fact, T D coincides with the orthogonal matrix which diagonalizes the elastic constitutive matrix D e (this can be assumed to be always possible under very general assumptions), it follows that 
It is then immediately evident that, independent of the chosen partition (i.e., for any set of mixed stress-strain control parameters), the sum of any dual pair of hardening moduli is a constant equal to H C , that is It has been shown that instability conditions under a specific loading programme can be predicted when a convenient scalar measure vanishes, while the existence of the mechanical response associated with incremental loading paths is lost whenever such an instability index becomes negative. This family of scalar measures, here called moduli of instability, have been defined as the difference between the hardening modulus and a term dependent on control conditions (here called controllability modulus). As a consequence, the moduli of instability result to be scalar quantities characterized by a control dependent structure. The new theory establishes a clear link between the notion of non-controllability under mixed stress-strain loading programmes and the loss of existence and uniqueness of the incremental response. Such a conceptual connection has been expounded by representing the constitutive relations as a correspondence law between two spaces, the space of the control variables and the space of the response variables. It has then been illustrated that the possibility to have a one-to-one correspondence between these two spaces depends on the particular choices made for the space of the control variables, i.e., on the loading programme adopted to retrieve the mechanical response of the system. The use of the moduli of instability enables the characteristics of this correspondence law to be assessed. It has been pointed out that the problem of existence and uniqueness of the incremental response is characterized by a perfect symmetry between the hardening and the softening regime. In both cases the effect of non-associativity extends the boundaries of the region within which a mixed contribution of stress and strain control parameters can be the major cause of instability. The mechanical outcome of these premises is that a loss of controllability (or, more generally a loss of existence for the incremental response) can be predicted before the classical failure locus (i.e., strictly within the so-called hardening regime). Symmetrically, existence and uniqueness for very particular mixed loading programmes can be guaranteed even beyond sub-critical softening (i.e., for values of hardening modulus lower than H C ). Some convenient mathematical properties of the moduli of instability have been discussed, linking the extremal values of controllability moduli with the Hill's stability criterion. This made it possible to distinguish the circumstances in which the stability of the predicted response upon incremental loading depends on the control conditions (conditional stability) from those in which either it always exist and it is unique for any loading programme and control conditions (unconditional stability) or it suffers a loss of existence and/or uniqueness for any type of incremental loading path (unconditional instability). Finally, the symmetry properties of dual families of moduli of instability have been demonstrated. This last result represents a further tool either to interpret the numerical results provided by an elastoplastic constitutive law or to conceive and control laboratory tests in the light of a comprehensive theoretical framework.
